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Abstract We extend the calculus of adiabatic pseudo-differential opera- 
tors to study the adiabatic limit behavior of the eta and zeta functions of 
a differential operator 5, constructed from an elliptic family of operators 
indexed by S . We show that the regularized values r](S t ,0) and t((5 t ,0) 
are smooth functions of t at t = 0, and we identify their values at t = 
with the holonomy of the determinant bundle, respectively with a residue 
trace. For invertible families of operators, the functions i](St, s) and t£(6t, s) 
are shown to extend smoothly to t = for all values of s. After normaliz- 
ing with a Gamma factor, the zeta function satisfies in the adiabatic limit 
an identity reminiscent of the Riemann zeta function, while the eta func- 
tion converges to the volume of the Bismut-Freed meromorphic family of 
connection 1-forms. 

Mathematics Subject Classification (2000): 58J28, 58J52 



1 Introduction 

The eigenvalues of elliptic operators on compact manifolds possess miracu- 
lous properties. Starting with the foundational work of Minakshisundaram 
and Pleijel |1U| . we know for instance that the zeta function 
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of a second order self-adjoint elliptic pseudo-differential operator D on a 
closed manifold M is analytic in the half-plane {3?(s) > dim(M)} and ex- 
tends analytically to C with simple poles at dim(M) — N. If D is self-adjoint 
of order 1, a refinement of the zeta function of D 2 is the eta function of 
Atiyah, Patodi and Singer p^, 

sign(A)|A|- s . 

Spec(D)3A^0 

This function is also meromorphic on C with simple poles at dim(M) — N. 

To grasp the significance of these facts, one must take into account that 
it is generally impossible to determine all the eigenvalues of a given operator, 
or to decide which discrete subsets of R can occur as spectra of self-adjoint 
elliptic operators. The pole at s = dim(M) of the zeta function is related 
to the Weyl asymptotic formula for the eigenvalues, but the next poles are 
more subtle. Even when one can find explicitly the eigenvalues, there is 
no obvious reason why the series defining the zeta function should extend 
analytically to C. In the simplest non-trivial case where M is the circle and 
D := idg is the angular derivative, the zeta function of the Laplacian D 2 
equals the Riemann zeta function up to a factor of 2. Beyond the usual 
elementary tricks there exists therefore a more fundamental reason for the 
analytic extension of this classical function, that is the fact that Z is the 
spectrum of a differential operator. 

One approach to the analysis of £(s) particularly unsuitable for gener- 
alizations seems to be the infinite product formula over the primes. Num- 
ber theorists introduce in this product an additional factor r(s/2), corre- 
sponding to the "prime" 0. Then the normalized Riemann zeta function 
C(s) := r(s/2)((s) satisfies the functional equation 

C(l- S )=7T 1 /2-^( s ). 

Amazingly enough, we have found in the context of adiabatic limits a 
functional identity (Theoreml22[l in terms of similarly normalized zeta func- 
tions. In this context, the adiabatic limit of the eta function appears to be 
related to the meromorphic family of connection 1-forms on the determi- 
nant line bundle constructed by Bismut and Freed |3] if, again, both are 
renormalized with appropriate Gamma factors (Theorem 1201) . 

Our initial motivation was to give a simple proof of the holonomy formula 
of [H] relating the adiabatic limit of the eta invariant to the determinant 
bundle of a family of Dirac operators on the circle as conjectured by Witten 
|17| . However, the results turn out to be valid for the normalized eta and zeta 
functions themselves and not just for their values at s = (for comparison, 
while it is interesting to know that the Riemann zeta function equals —1/2 
at s = 0, it is certainly desirable to say something about it at other points 
as well). As a corollary we give a formula for the adiabatic limit of the 
determinant. 

This paper treats general elliptic first order differential operators and 
not only Dirac operators, which is in our view a significant breakthrough. 
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Indeed, previous works on eta invariants use the geometric construction of 
the heat kernel and the so-called rescaling technique of Getzler, which is 
intimately related to the Clifford algebra. These methods are unlikely to 
extend to the general case, therefore suggesting that Dirac operators enjoy 
special properties among first-order operators. We show that this is not the 
case for adiabatic limits of the eta and zeta functions (albeit it is certainly 
true for statements like the local index theorem). 

Our approach is therefore completely different. We construct the calculus 
ty ae {X] M) of extended adiabatic operators, which extends (as the notation 
shows) the calculus \P a {N) of adiabatic pseudo-differential operators intro- 
duced in 0, see also for an approach using differentiable groupoids. The 
calculus \P a {N) was originally constructed for the study of adiabatic limits 
in the framework of Melrose's programme for quantizing singular geometric 
structures [7J. An adiabatic limit means blowing up the metric on the base 
of a fibration of manifolds by a factor t~ 2 as t — > 0. The Laplacian of this 
metric will stop being elliptic when the parameter t reaches 0. The basic 
idea is to force this operator to be elliptic at t = in an appropriate sense. 
Instead of heat operators we use complex powers, which are straightforward 
to construct inside the adiabatic algebra. 

A immediate gain of our point of view is replacing the limit as t — > 
by a Laurent-type singularity at the end point of the closed interval [0, oo). 
In particular, we deduce, under some invertibility hypothesis, that the eta 
function has a Taylor expansion in the adiabatic limit, thus we can rule out 
for instance logi-like terms on a priori grounds. 

The regularity at s = of the eta function is not used in the proof. This 
is actually not so surprising, since our formulas are valid (in the sense of 
Laurent coefficients) also at the poles of the eta function. 

Let us describe briefly the contents of the paper. In Section we in- 
troduce the basic objects and give an overview of the results. The Dirac 
operator on the total space of a fibration over the circle is analyzed in Sec- 
tion|21 The determinant line bundle of families over S 1 is reviewed in Section 
and analytic extensions of zeta- type functions in Section^ SectionEldeals 
with the adiabatic algebra and its properties. The main results are stated 
and proved in Section|3in the invertible case and in Section|Hlin the general 
case. Finally, in Section [5| we state without proof some related results. 

The results were announced in a note in Comptes rendus |12j . 

Acknowledgements I owe to Richard Melrose the idea of applying the adiabatic 
algebra to the study of the eta invariant. Jean-Michel Bismut showed to me how 
to treat the non-invertible case in Sectional Section |^] is due to Andrei Moroianu 
(although Proposition^may be extracted from |3l2| h The appearance of Gamma 
functions in the formulas was suggested by Nicu§or Dan. I have also benefited 
from the advice of Christian Bar, Mattias Dahl and Robert Lauter. Last but not 
least, I am grateful to the anonymous referee for very pertinent remarks and for 
detecting many mistakes, both in presentation and in substance. 
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2 Preliminaries 

Let N be a closed Riemannian manifold, E a Hermitian vector bundle over 
N and 6 a first order elliptic differential operator on the sections of E. We 
define the normalized zeta function of 8 by 

?(M:=r(|) £ A- s / 2 + dimker(5). (1) 

O^AGSpec((5*<5) 

If 5 is self-adjoint, we define similarly its normalized eta function by 
fj(S,s):=w-ir(^\ ]T sign(A)|A|- s +dimker( ( 5). 

These functions are holomorphic in the half-plane {3?(s) > dimiV} and ex- 
tend analytically to C with possible simple poles at dim N — 2k, respectively 
dimiV — 2fc— 1, for k € N ( Corollary BJ. The definitions differ from the usual 
zeta and eta functions by some Gamma factors which will turn out to be the 
key for the validity of our results outside s = 0. By the result of pQ, rj(5, s) 
is finite at s = 0, hence the regularized value of rj(5, s) at s = coincides 
with the refined eta-invariant of Atiyah-Patodi-Singer. We stress however 
that the results of this paper are independent of this regularity. 

Suppose that N is the total space of a locally trivial fibration of compact 
manifolds N -^-> M. We are interested in the restriction of this fibration 
to a circle in the base, we can therefore assume that M — S 1 . Let E = 
E + © E~ be a Z/2Z-graded Hermitian bundle over N and D a family of 
elliptic differential operators of order I over the fibers of p. In other words, 
for every x € S 1 , the operator D x : C°°(N X , E+\ N J -> C°°(N x ,E-\ Nm ) is 
elliptic and depends smoothly onie S 1 . 

We fix a connection in the fibration N S 1 and a family of met- 
rics g on the fibers extended by on the horizontal distribution. For any 
vector Y tangent to S 1 we denote by Y its horizontal lift to N. We also 
fix differential operators Vy on the sections of E^ with the property that 
(Vy>ei, e-i) 4- (ei, Vy>e2) = Y(e\, e%). Such operators arise for instance as the 
restriction to horizontal vectors of metric connections in E^ . Let tr(Ly> g) be 
the contraction by g of the Lie derivative of the tensor g. Since g is vertical 
and Y is horizontal, this expression is tensorial in Y. One sees easily that 
the operators 

Vy- := V y + jtr(L yS f) 

are skew-symmetric. If \dg\ is the volume density induced by the metric g 
then Ly\dg\ = %tr(Lf-g)\dg\. 

On S 1 we fix the canonical metric d9 2 (any other metric is isometric to 
a multiple of d9 2 ). Let dg be the positively oriented unit vector field on S 1 . 
For t € [0, oo) consider the self-adjoint operator 



-ttVa, D* 
D tiVf 



(2) 
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acting on C°°(N, E). Such an operator arises for instance in P], where 
the fibers of N — > S 1 are even-dimensional and carry a continuous spin 
structure, are the spinor bundles of the fibers and V is the Levi-Civita 
connection. In that case St is the Dirac operator on N associated to the 
metric 

9t -=9+-pr- (3) 

Note that St is elliptic if and only if t > 0; nonetheless, St is an elliptic 
adiabatic family of operators including at the limiting value t = 0, in the 
sense of Section 

The purpose of this paper is to relate spectral invariants of the family 
{D X \ X £S 1 on the fibers to those of the operators {#t}ie(o,oo)- 

In the case when D is a family of twisted Dirac operators, a conjecture of 
Witten ^2] proved by Bismut and Freed [Hj states that lim t ^ exp(— iirrj(St)) 
exists and equals the holonomy of the determinant line bundle det(D) over 
S 1 . This turns out to be true for any family D of first order elliptic differ- 
ential operators, and moreover we prove that rj(St) is smooth in t (modulo 
2Z) for t £ [0, oo). If the family D is invertible, we prove that the function 
rj(St,s) admits a Taylor expansion at t — with coefficients meromorphic 
functions on C. The limit as t — > is computed explictly in terms of the 
connection 1-form on the determinant line bundle. 

Similar results hold for the zeta function. In the invertible case, we show 
that the family t((St, s) admits a Taylor expansion in powers of t with co- 
efficients meromorphic functions on C. We show that limt_>o tC(.$t, s) equals 
the average of ((D,s — 1) over S 1 . As corollaries we obtain formulas for 
the adiabatic limit of t((St, 0) and of t logdet(Jt). The later formula takes a 
simpler form when the manifold N is odd-dimensional. The former is valid 
for general elliptic families D. 

We close this section with a remark about the Gamma functions. The 
adiabatic limit process involves passing from a (n + l)-dimensional man- 
ifold to a family of n-dimensional manifolds. From zeta-type functions of 
operators on N one obtains in the limit a factor 



/(»):=/ (l + rT s dr 

J — OO 

where r encodes the missing dimension. We note the identity 



3 The lifted Dirac operator 

This section computes an important example of lifting an operator from the 
fibers of a fibration to the total space. This example motivates the definition 
@ of the family S t . 
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Let p : X — ► M be a fibration of closed manifolds, whose fibers are ori- 
ented Spin Riemannian manifolds of dimension 2n, and assume that there 
exists a continuous spin structure on the fibers, meaning that TX/M is 
associated to a principal Spiri2n bundle which is a double cover of the or- 
thonormal frame bundle of the fibers. We denote by {D x } x£ m the associ- 
ated family of Dirac operators. We fix a connection in the fibration p, i.e. a 
choice of a horizontal distribution in X. This allows us to extend the family 
of fiberwise metrics to a 2-tensor g on the total space of X. Any metric g M 
on M induces by pull-back, together with g, a Riemannian metric on X: 



We define a connection V on the vertical sub-bundle TX/M of TX as 
the vertical projection of the Levi-Civita connection of the metric g x on X . 
This depends on the tensor g, but not on the metric g M on the base. We 
also denote by V the induced connection on the spinors over the fibers. For 
all vectors fields Y on M, we define a first-order differential operator Vy 
on sections of the spinor bundles by 

Vy := V y + \tx{L Y g). (5) 

Here tr means the contraction by g and L Y g is the Lie derivative of the ten- 
sor g in the direction of the horizontal lift Y of Y. If a is a vertical 1-form, 
then for all / 6 C°°(M) we have L ^ Y {a) = p* fL Y (a), hence tv(L Y g) is 

tensorial in Y. Therefore, V can be thought of as a connection in the (infi- 
nite dimensional) vector bundle over M of fiber-wise sections of the spinor 
bundles, and the correction term ensures that this connection preserves the 
L metric. It is V that occurs both in the Bismut-Freed connection form 
and in the lifted Dirac operator. 

Let S 1 be a smooth loop embedded in M, and N :— p^ 1 (S 1 ). Fix the 
trivial (non-bounding) spin structure on S . Then N inherits a spin struc- 
ture, and moreover the spinor bundle is isomorphic to S + <3)S~ . The Clifford 
action of the unit horizontal vector dg is simply =pi on . This is one of the 
two possible choices, the other one being ±i. We choose this sign in order 
to get Witten's original sign in the holonomy formula |17j . 

Let now 8t be the Dirac operator for the base metric scaled by t~ 2 , i.e. 
for the metric 

g? = g + t-*g". (6) 



Proposition 1. In matrix form, using the splitting S = S + © S , we have 

"' D tiV 6 
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Proof: The Levi-Civita connection V* on (N,g^) satisfies the identities 

V t u V = VuV- t -(L 39 g)(U,V)d e 
(Vl 3 U,V) = t(V § U,V), 

where U, V are vertical vectors and dg is the horizontal lift of the unit 
tangent vector to S 1 for the initial metric g M . Let <f> be a section of the 
spinor bundle S = S + ® S~ . Locally, <j) is determined by a pair [P, cr], where 
P is a local section of the Spin bundle which sits over a local orthonormal 
frame (e\, . . . , e 2 „, tdg), and a lives in the standard spinor representation 
^2n+i- For any vector V € TN, we have 

V t v {4>) = [P,V{a)]+ l - (VVei.ejMeOcfo)* 

i<j<2n 

+ \ Y, { y t v e ^)c{ei)c{td e )(t>. 



i<2n 



Recall that tdg has length 1 for g^ and that c(tdg) equals =Fz on S ± . There- 
fore 

2n I 1 

k=l y i<j<2n 

+lj2(V t ek e i ,tde)c(e i )c(tde)<^j + c(t^)V^ (0) 

_^ 2ra 

+ 2 51 S(V^ei,ta e )c(e fc )c( ei )c(ta 9 )^ 



i<2n 



D itVs. 



fe=l i<2n 
2n 



|c(^ e ) X (L aeff )(e fe ,e J )c(e fe )c(e i ) 



fe,»=i 
c(4)tr(L a n) 



□ 



4 Analytic extensions and regularized traces 

This section contains a review of the basic results allowing one to define 
analytic extensions of zeta-type functions. Proofs are included for the benefit 
of the reader. 
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Recall that classical pseudo-differential operators on a closed manifold 
X have a characterization in terms of their Schwartz kernels on X 2 . Namely, 
such a kernel is a distribution ip on X 2 with sing supp(ip) contained in the 
diagonal Ax; moreover, ip must be classical conormal to Ax, in the sense 
that the Fourier transform in the normal directions of a cut-off of ip near Ax 
is a classical symbol, i.e. a symbol admitting an asymptotic expansion in 
homogeneous components with step 1. Since we work with complex powers 
of operators, we allow classical symbols of any complex orders. By Peetre's 
Theorem, the differential operators are exactly those pseudo-differential op- 
erators with Schwartz kernel supported on the diagonal. 

Proposition 2. Let P(s) be an entire family of classical pseudo-differential 
operators on X , such that P(s) £ iP s (X). Then Tr(P(s)), which is a priori 
defined for 3?(s) < — dimX, extends analytically to C with possible simple 
poles at integers k > — dim X . 

Proof: For Sft(s) < — dimX, Tr(P(s) equals the integral of the pointwise 
trace of the distributional kernel of P(s) over the diagonal. By pulling back 
to the tangent bundle and then Fourier transforming in the fibers, this 
becomes the integral on T*X of the pointwise trace of the full symbol of 
P(s), which is an entire family {a(s)} se c such that a(s) is a classical symbol 
of order s. The claim follows from the next Lemma. □ 

Lemma 3. Let a(s) be an entire family of symbols of order s on a vector 
bundle V over X. Fix a density d[i on X and a Hermitian metric g in 
V. Then J v a(s)dfidg, which is well-defined for 3?(s) < — dimV", extends 
analytically to s e C, with at most simple poles at real integers. 

Proof: If <2fc(s, v) is an entire family of symbols on V such that for \\v\\ > 1, 

ak{s,v) = h (^s, -pj^ |M| fe+s where h is entire in s, then j v a(s,v)dv splits 

in the integral on the unit ball bundle (which is entire) and the integral 
on the exterior of the unit ball, which can be computed explicitly in polar 
coordinates. We denote by S(V) the sphere bundle inside V. 

f a{s,v)dv= f f h(s,d)r k+s+dimV - 1 d9dr 

J\v\>l Jl JS(V) 

= , 1 77 f h(s,6)d9. 

s + k + dimV J s(y) 

Any family of classical symbols a(s) of order s can be decomposed as a(s) = 
ao(s) + a(s), where a (s,v) is a family as above for k = 0, and a(s) is an 
entire family of symbols of order s — 1. Then J ao(s, v)dv has just one pole 
at s = — dimV, while J a(s,v)dv is well-defined for 3?(s) < — dimF + 1. 
The Lemma follows by iteration of this argument. □ 

Recall the definition of the Wodzicki residue trace: fix an elliptic first- 
order positive pseudo-differential operator Q on the m-dimcnsional man- 
ifold X. Then the complex powers of Q form an entire family of classical 
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pseudo-differential operators ^Hj • By Proposition^ for any classical pseudo- 
differential operator P £ ^(X) the function s i— > Tr(Q~ s P), a priori de- 
fined for 5R(s) > m + deg(P), extends analytically to C with possible simple 
poles at real integers k < m + deg P. The map 

P i * Rcs s=0 Tr(Q- s P) := Tr„(F) 

defines a functional on ^ Z (X) which vanishes on W~ dlm ( x )- 1 (^x). Moreover, 
as the notation suggests, Tr^, is independent of the choice of Q. From the 
definition, it follows easily that Tr„, vanishes on commutators (i.e. Tr w is a 
trace), and that it is given by the local expression 

Tr w (P) = [ Phm] TZ^ m (7) 
J s-x 

where P[_ m ] is the homogeneous component of homogeneity — m in the full 
symbol of P, S*X is the sphere bundle of T*X, 1Z is the radial vector field 
on T*X and ui is the standard symplectic form. As a consequence, the right- 
hand side of is independent of the quantization defining the full symbol 
of P. 

Corollary 4. The functions C(<^s), rj(5,s), respectively the family of 1- 
forms defined in @, admit analytic extensions to C with possible simple 
poles at integers dim(iV) — 2N, respectively dmi(N) — 1 — 2N. 

Proof: The claim follows directly from Proposition with the exception of 
possible poles at dim N — 2N — 1, respectively dim TV — 2 — 2N and possible 
additional poles introduced by the Gamma factors. The first type of poles 
does not arise because of the (anti)-symmetry of polynomial functions. The 
poles of r(s/2) occur at s e — 2N. At these values the zeta function is 
finite, since its residue equals the residue trace of a differential operator 
and hence vanishes. The function r(s + 1/2) introduces additional poles at 
s E — 2N — 1. The eta function is finite at these points, since its residue 
equals Tr w (S~ 2k+1 ) = 0. For the Bismut-Freed connection form, the poles 
of r(s/2 + 1) occur at s = 2k — 2 for k a negative integer, and one sees that 
Tr((DyD(7)~ i -D^V '(Du)) is also regular at these points. □ 



5 The determinant line bundle over S 1 

The determinant line bundle det(Z?) is a complex line bundle associated 
to every family of elliptic operators. It has a canonical connection due to 
Bismut and Freed 0. In the case where the base is S* 1 this bundle is trivial, 
like every complex vector bundle. Then it is possible to find explicitly the 
connection form in special trivializations. Using (|10|) we will get a formula 
for the holonomy along S 1 without having to deal with open covers; rather, 
the cover is encoded in the connection form. 
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Let £^ be the infinite-dimensional vector bundles over S 1 whose fiber 
over x G S 1 is the space of smooth sections in over N x . For a G R+ let 
V a := {x G a ^ Spec(L>*L>)}. For every x G S\ let £ J = £^< a © £^ >Q 
be the decomposition of £ x in subspaces spanned by eigensections of D*D, 
respectively of DD* , of eigenvalue smaller or strictly larger than a. Then 
£<„ form vector bundles over V a but in general not over S 1 . Nevertheless, 
if we define det(D) Q ->■ V a as the line bundle A to v(£+ a )* <g> yl to P(£< Q ) then 
det(D)o, is isomorphic to det(_D)^ over V a DVp via the determinant of the 
linear isomorphism of finite dimensional vector spaces 

^ • C <Q,>/3 ^ C <a,>/3- 

These isomorphisms clearly fulfill the cochain condition so one obtains a 
line bundle over S* 1 called det(-D). 

det(_D) Q inherits the connection V defined in J5J. The Bismut-Freed 
connection on det(D) Q is defined as 

V b/ Q := V + A Q (0) 

where A a (0) is the regularized value in s = of the meromorphic extension 
of the family of 1-forms 

A a (s) :=r(l + |) Tr > «((^*i?)-^- 1 V(^)) 

which is well defined and analytic for 5R(s) > n. One checks easily that 
V b ^ Q is mapped to under the isomorphism det(D) a — > det(D)p, so we 
finally get a connection V fc ^ on det(-D). 

Lemma 5. There exist trivial finite- dimensional vector bundles U over S 1 
and maps of vector bundles D\2 : U + — > £ — , Z?2i : £ + .■ ^22 : — > 

J7 _ , such that the operator 



D v := 



-D21 -D22 



C 00 (S' 1 ,£ + eC/ + ) -> C 00 (S' 1 ,£" ©£/-) (8) 



is invertible; moreover, there exists a finite cover V — {V ai , . . . , V ak } of S 1 
such that for x G G V, Djj coincides with D on £g.> a , an d Djj maps 
£t< a ®U + onto£- <a ®U-. 

Proof: Let {V^, . . . , V^} be an open cover of S 1 by sets of the form V a , 
and {V[, . . . , V/} a compact subcover. Let {4>j} be a partition of unity with 
supp(0j) C Vfo and <pj = 1 on . Fix isomorphisms fj : £<p. —> C rj over 

Vp r Let U~ :— C^ rj and D 2 \ := J^^jfj '■ £ + ~ * U~ . By construction, 
D © D21 is injective so its finite dimensional cokernel (called U + ) forms a 
vector bundle over S 1 . Let D12 © D22 ■ U + — * £~ © U~ be the inclusion 
map. Then clearly Djj defined by JHJ) is invertible. Choose the open cover V 
such that max(/3j) < min(cti). The second statement of the lemma is easily 
checked. □ 

We trivialize U + and we endow with the trivial connections, denoted 
for simplicity V (so the connections on U + and on its image in £ ~ © U~ 
are different). 
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Proposition 6. The determinant line bundle with the Bismut-Freed con- 
nection is isomorphic to the trivial bundle C x S 1 — > S 1 with the connection 
d + A(0), where A(0) is the regularized value in s = of the meromorphic 
family of 1- forms 

A(Du, s) := r (l + £) TrUD^DuyiD^ViDv)). (9) 

Proof: Let us compare the connections V " corresponding to the opera- 
tors D and Djj, for a%, . . . , as in Lemma [3] The meromorphic families 
of 1-forms A aj (s) coincide by the second part of Lemma |SJ The bundles 
det(D) aj and det(Du) aj are canonically isomorphic together with their con- 
nections, since are trivial with trivial connections. Thus (det(-D), V b ^) ~ 
(det (£)[/), V 6 -^). Now det(D[/) can also be constructed using the cover {Vq} 
because Djj is invertible. For this cover we have det(D;y)o = C with trivial 
induced connection V = d, and A (s) is given by ©. □ 

In the case where the family D is invertible, one obtains a canonical 
family of 1-forms A(D, s) by taking U ± = 0. 

The Bismut-Freed connection preserves the Quillen metric on det(D) 
|15| . In the complex setting, it is just the Hermitian connection associated 
to that metric. We will call its holonomy around S 1 the holonomy of det(D). 
A simple computation shows 

hol(det(D)) = cxp (- J A(0)J . (10) 

The results of this section can be adapted to the case of an arbitrary 
base manifold: 

Proposition 7. Let D : E + — ► E~ be a family of (classical pseudo-) diffe- 
rential elliptic operators of positive order on the fibers of a fibration N — ► B 
of compact manifolds. There exist finite- dimensional vector bundles — ► 
B and maps of vector bundles D%% : U + — ► £~ , D21 : £ + — > U~ , D22 '■ 
U + — > U~ , such that the operator Djj defined in JSj is invertible. There 
exists a finite cover V — {V ai , . . . , V Qfc } of B such that for x G V a G V, Djj 
coincides with D on £^ >a , and Djj maps £^ <a © U + onto £^<a © U~ . 
Endow with connections V, then 

(det(-D), V bf ) ~ (C, d + A{Du,{))) © (A top (U+)* © A top (IJ-), v) ^ . 

The proof is a simple adaptation of Lemma [5] and Proposition [BJ We will 
not use this statement in the present paper. 



12 



Sergiu Moroianu 



6 The extended adiabatic algebra 

Adiabatic operators were introduced in [S] for the study of the adiabatic 
limit of the Hodge cohomology groups. By a different approach using differ- 
entiable groupoids a slightly smaller calculus appeared in |141 Example 7]. 
We refer to [TTnOj for a detailed discussion of the scalar adiabatic algebra; 
the extension to bundles is straightforward. 

In this section we will introduce a larger calculus 'Pae containing <? 
as a subcalculus. This calculus realizes the operators of the type we are 
interested in and their complex powers at the limiting value t = 0. Therefore, 
it will suffice to study these limiting operators, which belong to the so-called 
suspended algebra 

Let p : X —> M be a fibration of closed manifolds (in this paper, we will 
use N — ► S 1 ), and E + ,E~ — ► X two vector bundles. An adiabatic vector 
field is a family v : [0, oo) — > V(X), such that v(0) is tangent to the fibers 
of p. These vector fields form a locally free C°°(X x [0, oo))-module °V, so 
they are the sections of a vector bundle over X x [0, oo) called °TX. Let 
denote the lifts of i? ± to X x [0, oo) and U the universal enveloping algebra 
functor. An adiabatic family of differential operators from E + to E~ is an 
element in Hom(E + , E~) <X>c°°(Xx[o,oo)) U(C°° (°TX)), i.e. a composition of 
adiabatic vector fields and bundle homomorphisms. 

Let X 2 = [X 2 x [0, oo) ; X x M X x {0}] be the blow-up of the fiber diagonal 
of p at t = inside X 2 x [0, oo). This means replacing X XjkI x {0} by 
the half-sphere bundle of its positive normal bundle, and then gluing along 
geodesic rays to get the smooth structure. The result is a smooth manifold 
with corners of codimension 2, and the smooth structure is independent of 
the metric used to define geodesies. 

Denote by (3 the canonical blow-down map from X 2 to X 2 x [0, oo). 
The lifted diagonal A a is by definition the closure of (3~ 1 (Ax x (0, oo)) 
inside X 2 . It is easy to see that : A a — > Ax is an diffeomorphism. Let 
Pi,P2 : X 2 — > X x [0, oo) be the composition of /3 with the projections on 
the first, respectively on the second X factor. 

Lemma 8 (|_13j). The interior of the front face ff a of X 2 introduced by the 
blow-up is canonically diffeomorphic to X x m X x m TM i 4= q and therefore 
has a canonical vector bundle structure. 

One can view adiabatic families of differential operators as distributions 
on X 2 x [0, oo) having Schwartz kernels conormal to Ax x (0, oo) and sup- 
ported on it, but, because of the degeneracy, not all such kernels define 
adiabatic operators. In fact, the Schwartz kernels of adiabatic operators lift 
to the manifold X 2 defined above, and these lifts span all the distributions 
conormal to and supported on A a , and extendable across ff a . One must 
make precise the density bundle where these lifted kernels take values; this 
is P2f2{°TX), where £2 is the 1-density functor. In light of this fact, we make 
the following definition. 
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Definition 9. An adiabatic pseudo- differential operator is a distributional 
section in E~ £3 {Q(°TX) ® (E + )*) over X%, classical conormal to A a , 
extendable across the front face and vanishing rapidly to all other boundary 
faces. 

For s G C, we denote the space of adiabatic operators of conormality 
order s by w{(X, E + ,E~). 

In Section [H] we will need a larger calculus that we introduce now. Let 
C/ ± — > M be vector bundles. Let 

Si 2 = [X x M x [0, oo); X x M M x {0}] 
S 2 i = [M X X X [0,oo);M X M X x {0}] 

be manifolds with corners obtained through the blow-up of "diagonal copies" 
of X. We call ff 2 i, respectively ff 12 the new faces introduced by blow-up. Let 
^12° {X 1 U ~,E + ) be the space of smooth sections over 5i2 in the bundle 
E + M (f2(°TM) ® (U~)*), which are rapidly vanishing to the boundary 
faces other than ff 12 - We similarly define \p2~x°{X, E~ , U + ) as the space of 
smooth sections ofp* 1 (U + )Mp* 2 {fI{ a TX)®{E~)*) over S21 which are rapidly 
vanishing at all boundary faces other than S21. Further, define 

W 22 (M, U+, U~) := !f„(M, U+, U~) 

to be the space of adiabatic operators corresponding to the identity fibration 
M -> M, and & U (X,E+,E-) := & a (X,E+,E-). 

Theorem 10. There exists natural composition maps for adiabatic opera- 
tors: 

Proof: In this proof we omit the bundles from the notation. We will con- 
struct appropriate adiabatic triple spaces. The result will follow from the 
properties of pull-back, product and push-forward operations on conormal 
distributions |7||o]. 

Let us first prove the theorem for the adiabatic algebra >P a (X). Let X 3 
be the iterated blow-up of X 3 , 

Xl := [X 3 x [0,oo);^ 3 x {0};T 12 x {0},^ 23 x {0},^ 13 x {0}] 

where 

T% = {(x 1 ,x 2 ,x 3 ) <E X 3 ;p(x 1 ) =p(x 2 ) =p(x 3 )}, 
Fij = {(xx,x 2 ,x 3 ) € X 3 ;p(xi) =p(xj)}, i,j = 1,2,3 

are fiber diagonals. We claim that there exist p-fibrations Px2,P23,Px3 '■ 
X 3 — > X%, making the diagrams 

X 3^ X 3 x[0jOo) (U) 



Pij Pij 

w 

Xl^X^x [0,oo) 
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commute. By symmetry, it is enough to show this for i = l,j = 2. Then 
P12 is defined as the composition of blow-down maps, isomorphisms and 
projections 

X 3 = [X 3 x [0,oo);^ 3 x {0};^i 2 x {0},^ 23 x {0},F 13 x {0}] 
-> [X 3 x [0,oo);^ 3 x {0},^ 12 x {0}] 
~ [X 2 x X x [0,oc);JF 12 x {0};^ 3 x {0}] 
-> [X 2 x X x [0,00)^12 x {0}] 
~ [X 2 x [0,oo);X X M I x {0}] x X 

- xl 

The commutativity of the blow-up Prop. 5.8.1] shows that (|llf> com- 
mutes. 

One sees by continuity from the interior that 

p 12 :pii(A a )^Xl (12) 
p 13 : p^A.) Hp^A.) -> A (13) 

are diffeomorphisms. For A,Be <P a (X) define 

AoB = (p 13 Up* 12 A-p* 3 B). (14) 

Clearly p\ 2 A is conormal to p|j~ 2 f(A a ). The product is well-defined, since 
p\ 2 A and P23-^ are conormal to transverse submanifolds of X 3 . The rapid 
vanishing of adiabatic operators to boundary faces other than ff a shows 
that the push- forward is well-defined. Moreover, from (|12|l . (118(1 and [HI 
Prop. 6.11.5], the push-forward is again a (classical) conormal distribution 
to A a . 

The composition rule for W a {M) is a particular case of what we have just 
shown. The remaining six cases are essentially easier, since at least one of 
the terms involved is a smooth distribution, but less standard because of the 
non-symmetry. Let us only show, for instance, how to compose A E 'P^(X) 
with B G &i2°°(X). Define 

S U2 = [X x X x M x [0, 00); G 3 x {0}; Gi 2 x {0}, G 23 x {0}, Gi 3 x {0}] 

where 

£3 = {{xi,x 2l x 3 ) £ X 2 x M;p(xi) = p{x 2 ) = x 3 }, 
G12 = {(xi,x 2 ,x 3 ) e X 2 x M;p(xi) =p(x 2 )}, 
Gj3 = {(xi,x 2 ,x 3 ) e X 2 x M;p(xj) = x 3 },j = 1,2. 

There exist p-fibrations p 12 : S112 — > -^oj <?ii2 — > S12, j = 1,2, 

which commute with the blow-down maps 6*112 - ► X x X x M x [0, 00), 
X 2 — ► X 2 x [0, 00), 5*12 ^IxMx[0, 00) and the corresponding projections 
by analogy with (|llfl . Define the composition of A,B by f|14|) . There is no 
issue now with the product of distributions, since B is smooth. The only 
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thing we need to note is that pis maps p^ 2 {A a ) diffeomorphically onto 
S12, thus the conormality is "integrated out" through push-forward and the 
result is smooth. □ 

The above theorem is yet another materialization of Melrose's program 
of "microlocalizing boundary fibration structures" 0. Note that the com- 
position of operators in W a appears already in , and for compactly sup- 
ported adiabatic operators it appears also in As a consequence, we get 
a pseudo-differential calculus ^ ae (AT, E ± , J7 ± ) formed by matrices 

"An A 12 
A 2 \ A 22 J 

where Ay belongs to <Py. 

Remark 11. The algebra C°°([0, 00)) is central in \I/ ae , so we can restrict 
adiabatic operators to any given t. For t > 0, An(t) £ \P(X, E + . E~), 
A.22(t) € &(M, U + , U~), while the off-diagonal components are smoothing 
operators 

A 2 i(t) : C-°°(M, U+) -> C°°(X,E-), 
A 12 (t) : C-°°(X,E + ) -> C°°(M,U-). 

Thus for t > 0, A(t) belongs to an extension of the calculi of pseudo- 
differential operators on X and M, independent oft, that we call \P ex (X; M). 

For E+ = E~ = E and U+ = U~ = U, the space A = &% e (X,E,U) 
is an algebra. A has a natural double filtration {A l ' k }i^z,k^n, increasing in 
the first and decreasing in the second superscript, i.e. A H ' 1 C A t2,k2 
i\ < i 2 and k\ > k 2 . Namely, A l,k — t k A l , where i denotes the conormality 
order while k indicates the order of vanishing at t = 0. This nitrations are 
compatible with the product on A by Theorem (f° r the first filtration) 
and since C°°([0, 00)) is central in A (for the second). 

Lemma 12. The quotient A k / A k ~ 1 is canonically isomorphic to 

s [k] (<y* x \ , £) © S lk] (°T*M \0,U), 

where denotes symbols of pure homogeneity k. 

Proof: Clearly $12 and <P 2 i die in the quotient. On \P a (X), the isomorphism 
is induced by conormal principal symbol short exact sequence 

- $ k -\X,E) V k (X,E) -> S^(N*A a \ {0},£) -» 0, 

keeping in mind that the conormal bundle to A a is °T*X. The second com- 
ponent comes from <P a (M), which is just a special case of the first. □ 

Melrose |Hj introduced a notion of suspension for pseudo-differential op- 
erators. If W is any vector bundle over M, one can define ^susfw) (X/M) as 
the space of families of pseudo-differential operators over the fibers of the 
fiber bundle X Xm W — ► M, which are translation invariant with respect to 
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W, and whose Schwartz kernels decay rapidly away from the I'F-diagonal. 
These operators are identified (via Fourier transform in W) with their indi- 
cial families, i.e. families over M of parameter-dependent operators on the 
fibers of X — > M, with parameters in W* having symbolic behavior. 

Lemma 13. The quotient Ad '■= A Z '° /A 11 ' 1 is canonically isomorphic to 
the algebra of matrices (ay)i<i,j<2 such that 

1. an € ^sus( a T'M lt=0 ){^/M,E). The suspending variables r live naturally 
on °T*Mi t —o, which is canonically isomorphic to T* M . 

2. 022 € S lZ ( a T , *M| t=0 7 U), the space of classical symbols on the vector bun- 
dle °T*M\ t=0 , with values in U ®U* . 

3. ai2 £§(Ix M T*M, E E U*), a 2 i G §(T*M x M I,[/l E*), where S 
denotes smooth sections rapidly vanishing at infinity. 

Proof: Consider the restriction of an adiabatic operator A to ff a . This op- 
eration is well-defined, since the conormality locus A a of A is transversal to 
ff , and A is extendable across ff a . The interior of ff a is canonically identified 
with the total space of the vector bundle N{A a )\A a ns a , and A\g a vanishes 
rapidly at infinity. This means exactly that A\s a £ ^sus^T-M^^iX/M^E). 
Thus we can Fourier-transform A\g a in each fiber, and we define the normal 
operator of A by 

Af(A) :=^(A| ff J. 

Note that the density factor in A\s a is used in the Fourier transform. 

The second statement is a particular case of the first (note that in the 
case when the fiber is O-dimensional, the indicial operator of suspended 
operators is just a classical symbol). 

For the third statement, note that ff^ 2 ~ X x M TM and ff^ ~ TM x M 
X. The isomorphism of the lemma is again given by restriction to the front 
face followed by Fourier transform. □ 

The normal operator introduced in the above lemma is surjective, mul- 
tiplicative, and plays the role of a "principal boundary symbol". Modulo 
choices, this symbol can be extended to a full boundary symbol q with 
values in the formal series algebra .4a [[£]]■ 

Lemma 14. The boundary algebra _4 Z ' N /-4 Z '°° is isomorphic as a vector 
space to Ao[[t}]. 

Proof: The choices involved in the definition of q are a Riemannian metric 
on M, a connection in the fibration X — > M and the restriction of a covariant 
derivative in E — > X to horizontal vectors. Let us start with ^ a (X,E). We 
use an analog of the so-called right quantization, i.e. a map 

X x M X x M "TM -> X 2 x [0, oo) 

(^mi Urn-) ^m(^)) 1 * (^mjCt) m (t) 

(y m )(i),t), 
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where x m , y m are points in X over m £ M , v is an adiabatic vector field, c v 
is the geodesic starting at m in the direction of v and c(y m ) is the horizontal 
lift of c starting at y m . This map lifts to 

Xx M Xx M °TM^X 2 a (15) 

(note that the restriction of i to {t = 0} is just the canonical identification 
X xm X x M°TM\ t = ~ ff° from LemmalHJ. The map q is defined by pulling 
back adiabatic operators to X x mX x m°TM via i, taking their Taylor series 
at t = and then Fourier transforming in the fibers of °TMt=o- We need 
the connection in horizontal directions in order to trivialize the pull-back of 
E over each fiber of °TM — > M, so that we can compute Fourier transform. 

The above definition of q can be specialized to W a {M, U). For A £ 
we proceed similarly: first, lift the map 

X x M °TM -> X x M x [0, oo) 

(*)) - ( 

? C Vm (t) 

to a map i : X Xj{ TAf — > 5i2- Let q(A) be the Fourier transform of the 
Taylor series of i*{A) at t = 0. Note that each Taylor coefficient of 
is an Euclidean density on the fibers of X Xm °TM — > X, with values in 
the density factor is used in the Fourier transform. The definition 
of q on !?2i is analogous. □ 

Choose local coordinates Xj in M, and let Tj be the dual coordinates in 
T*M. Then 

9(«V^ ) = Tj (16) 

j 

is a constant series in t, where d x is the horizontal lift of d x and V is 
the connection used in the construction of q. If D is a family of differential 
operators on the fibers of <j) viewed as an adiabatic operator constant in t 
then 

q(D) = D. 

Lemma 15. The product structure on A Z ' / A Z '°° induced by the linear iso- 
morphism q is a deformation with parameter t of the suspended (fiber-wise) 
product: 

d ' m y f)A 

A(x, r) * B(x, r)^AB + i t^2 ^8., ( B ) + 0(t 2 )- (17) 

j=l 3 

Proof: The product * is given by a sequence of bi-differential operators 
with polynomial coefficients. Thus, these coefficients are determined from 
differential adiabatic operators. Both d Tj and Vg are derivations on Aq 

so it is enough to prove (|17|l on a set of generators. Such generators are for 
instance families in t of fiberwise differential operators on X/M , and iiV g . 

For these generators (|17|l is true without the error term. □ 

Let Q £ A 1 ' be an adiabatic operator such that Q(t) is elliptic, self- 
adjoint and positive for alH > and Af(Q) is an elliptic self-adjoint positive 
family of suspended operators. We call then Q invertible and positive. 
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Lemma 16. Let Q G A 1 ' be an invertible positive adiabatic operator. 
Then there exists the entire family {Q s } s eC of complex powers of Q such 
that Q s G A s '°. 

Proof: Follow the proof of 0] with the boundary symbol and the conormal 
principal symbol replacing the principal symbol map. □ 

The trace function 1 1— ► Tr(A(t)) of an extended adiabatic operator A € 
Hf%f(X) is smooth for t > 0, provided U(a) < -dimX. The behavior at 
t = of this function is controllable, and thus provides us with our main 
tool to study adiabatic limits. 

Proposition 17. Let A be an extended adiabatic operator in (X) with 
3?(a) < -dimX. Then the function t dimM Tr(A(t)) is smooth on [0,oo). 
Moreover, 

Tr(A(t)) ~ (27rf)- dimM f Tr{q(A))Lu dimM , (18) 

JT'M 

where w is the standard symplectic form on T*M , and Tr in the right- 
hand side is the fiberwise trace of the formal series of families of suspended 
operators q{A). 

Proof: For fixed t > 0, the trace of A(t) is the integral of its distributional 
kernel over the diagonal. We cut off this kernel away from the diagonal and 
from the front face, pull it back through the map (|15J) and Fourier transform 
it in the fibers of TM. Recall that for the identity fibration M — > M there 
exist two canonical bundle maps I,J: °TM — > TM x [0, oo). Namely, / is 
the canonical inclusion of adiabatic vector fields inside all vector fields, and 
J is the isomorphism given by v(t) i— > v(t)/t. We denote by the same letters 
the duals maps. Then J*(I^w) = ui/t. The integral of the restriction of the 
kernel to the diagonal becomes (after Fourier transform) the integral on the 
total space, with a density factor (7*w/27r) dimM . When we go back to T*M 
via J*, this becomes (w/(27rf)) dimM . Therefore 

Tr(A(t)) = (27rf)- dimM / Tr(F(i*A(t)))u dlmM . 
Jt*m 

From Lemma PHI we know that T(i*A(t)) is smooth at t = 0, with Taylor 
series q(A). The integrand is absolutely integrable for 3?(a) < — dimX, so 
the result follows by Lebesgue's dominated convergence theorem. □ 

We need to apply this result to the meromorphic extension of Tv(A(t)). 
For any meromorphic function / and z G C, k G Z let Ck z (f) be the 
coefficient of (s — z) k in the Laurent expansion of / near z. 

Proposition 18. Let A(s,t) be an entire family of operators in A, such 
that A(s) G A s '° . Then for each fixed k G Z and z G C 7 the function 



[0,oo) 3 t~t di ™ M c ktZ (Tr(A(t))) 
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is smooth, and its Taylor expansion at t — is given by 



(27r)- dimM c M ( [ Tr(q(A))u di 




Proof: It follows from the proof of Lemma|21that if a(s, t) is a smooth family 
of entire families of symbols, then the Laurent development of J v a(s, t)dfidg 
around any complex point s depends smoothly on t. In particular, if a(s, t) ~ 
S^o* J ' a J'( s ) ^ s ^ ne Taylor expansion at t = of a(s,t) then Ck, z (a(t)) ~ 
TlfLa^ c k,z{a.j) ■ We apply this to the full adiabatic symbols a(s,t) of the 
family A(s,t), which consist of a symbol on °T*X and a symbol on °T*M. 
The result follows from (|18fl by noting that Oj(s) is the full symbol of q(A)^ , 
where ui denotes the coefficient of i J in a formal series. □ 



7 The adiabatic limit: the invertible case 



Throughout this section we assume that the family D is invertible. With 
this assumption we only need to use the adiabatic algebra tf'a(iV) and not 
the extended calculus. As a first application of the formalism from Section 
El we reprove a result from 

Proposition 19. Assume that the family D is invertible. Then there exists 
e > such that the operator St defined in J3J) is invertible for all < t < e. 

Proof: In the suspended algebra Ag = W^'°(N)/W^ 1 (N), the operator 

r 2 +D*D 







DD* 



is invertible ,9 since D is assumed to be invertible, so Af(6t) is also invertible. 
Moreover, a^St) e C°°( a S*N,End(E)) is invertible. Clearly, cri(jV(5 t )) = 
eri(<5 t )| t=0 - Let B E ^- lfi {N,E) be such that Af(B ) = AA(<S t ) _1 and 
cr_i(B ) = £7i(5 t ) _1 . Thus (5 tJ B = / - .Ho, with i? G <P'~ 1,1 (iV). Let 
Q G >P~ 1,0 (N, E) be an adiabatic operator which realizes the asymptotic 
sum B (I + Ro + R% + ...). Then R(t) := S t Q - I € tf^ 00 ' 00 . This ideal is 
canonically isomorphic to the algebra of smooth families (indexed by [0, oo)) 
of smoothing operators on N, which are rapidly vanishing at t = 0. Thus, 
the norm of R(t) as a bounded operator on L 2 (N) tends to 0, which implies 
that 8 t Q = I + R(t) is invertible for sufficiently small t. □ 

From our choice of adiabatic right quantization, it follows that in the 
algebra &%< (N)/&%>°°(N) A s [[t}}, we have 



-t D* 

D T 

D* D + t 2 -itV de D* 
itV dg D DD*+t 2 



(19) 
(20) 



20 



Sergiu Moroianu 



Let / : [0,oo) x C — > C be a family of meromorphic functions on C 
indexed by t. We say that / is a smooth family of meromorphic functions if 
for every z € C and every k € Z, the Laurent coefficient 1 1— > Ck, z (f(t, ■)) of 
(s — z) & in /(s, t) is a smooth function of t. 

Theorem 20. If the family D is invertible then the family of eta functions 
rj{5t , s) - a priori defined for t > - extends to a smooth family for t € [0, e) . 
Moreover, 

lim??(5 t ,s) = — / A(D,a), 

where A(D,s) is the Bismut- Freed family of 1-forms defined by 
Proof: First, <5 f is invertible and so J5J) becomes 

'14 



(21) 



From ProDOsition ll8l it follows that tr)(5t, s) is a smooth family of meromor- 
phic functions. Further, by l|19(l and H20JI we have 



2nt 



Tr 



T , S i 



D*D + t 2 -itV de D* 
itV de D DD* + t 2 



-t L>* 
L> T 



(22) 



where all products and complex powers are in the sense of the product (|17f) . 
For the singular term, i.e. the coefficient of t , this implies 



lim tr)(5 t ,s) 



t->o 



2tt 3 / 2 



Tr 



T'S 1 



+Tr (t(DD* +t 2 ) 



-t(D*D + t 2 
drd9 



and this integral vanishes because it is the integral of an odd function of 
t. We compute now the limit of rj(8t,s) as t tends to 0. Since the matrices 

r D* 



of operators 



D*D + t z 
DD*+- 
constant term in t from (|22|l becomes 



and 



D 



commute modulo t, the 



lim f](S t ,s) 



2tt 3 / 2 
' -t D* 

D T 

£m 

2tt 3 / 2 



Tr 

T'S 1 

drd9 



T , S 1 



D*D 



-iV dg D* 
iV de D 

I(s) + J(s) 



— Tr ^ 

— t D* 

D T 



DD* 



D*D 





drdO 



[i] 



(23) 
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where the subscript m denotes the coefficient of t 1 in a formal series. Since 
the product involved in the complex powers is the deformed product (|17|l . 
the term I(s) does not vanish directly. In fact, it is impossible to compute the 
integrand before taking the trace. Nevertheless, the trace can be computed 
by assuming formally that the operators involved commute. Thus, I(s) has 
two contributions coming from the diagonal, namely 



respectively 

r (l±a) 8 + 1 £+3 
2tt 3 / 2 2 2 



r 2 Tr 



T'S 1 



((DD* 



(24) 



iV de (DD*))dTd9. (25) 



These factors cancel each other before integration; alternately, each of them 
equals after integration; for instance, the quantity Ij24(l equals 



2^ 3 / 2 2 



T'S 1 



iT A d e Tr (D*D + r z y— drdO = 



so I(s) = for large 3f(s). By unique continuation, 

I(s) = 0. 

We focus now on the second term J(s). It is given by 



(26) 



J(s) 



Notice that 



2tt 3 / 2 
Tr ( (DD* + t 2 



1 r 



T'S 1 



Tr 



D + t 2 



'{-iV as D*)D 



drdO. 



(27) 



Tr [{D*D + r 2 )-— (V d$ D*)D 
+ Tr ({DD* + T 2 )- £ ¥{V de D)D 
Tr(v 9e (D*D + T 2 )" 1 * 1 
dgTr ((D*D + T 2 )- £ * i 



so the sum of the two terms in (|27|l vanishes. Thus 



J{s) 



7T3/2 



T* S 1 



Tt[(DD* +T z )-—(V de D)D*) drd9 (28) 



.^(^) ,fs + 3 



r 3/2 



J7T 



Tr ((DD*)-%- 1 (V ae D)D*) d0 



TT((D*D)-iD- 1 V de (D))d6 



(29) 
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where f(s) is the function from Q. We have used the commutation formula 
(D*D) S D* = D*{DD*) S . In conclusion, and (gZl imply (ED- □ 

This result (for s = 0) is used in the index formula of |S] to relate the 
boundary term with the adiabatic limit of the eta invariant. 

Corollary 21. The limit of exp(—iirrj(5t)) exists and equals the holonomy 
o/det(£>). 

Proof: By specializing to the constant coefficient fj{5t) oirj(St, s) at s = 0, 
we get 

The right-hand side equals the holonomy along the circle of the connection 
d + A(D, 0) in the trivial bundle. □ 

We turn now to the zeta function. Recall that if the family D is invertible 
then the operator 5 t defined in J2J is also invertible for small enough t > 
(Proposition^)). 

Theorem 22. Assume that the family of operators D is invertible. Then 
the family of meromorphic functions t£(dt,s) extends smoothly to t, = 0. 
Moreover, 

limK(S t ,s) = i / C(A s - l)dd, (30) 
t^o y/ir J S i 

while _ 

dt |t=0 = °- 

Proof: As for the eta function, by Proposition^] (|19|l and (|2U|) we have 

K(St,s) = tr (|) Tr ((6f)-i) 
~ t ^o r(?)±-f Tr 

V2/ 27T JT'S 1 

The leading term in this expression is 

n^rf-) [ Tr(D*D + T 2 )- s ^dTde 

= ^(1)^(1)1^)^ 

Together with this implies l|30|) . It is clear that the off-diagonal terms 
in q(8l) contribute to (|31|l only modulo t 2 . It follows that the coefficient of 
t in (|31|l is a sum of two terms coming from the diagonal. These terms are 
similar to (|24(l and 1)25(1 , only that they are odd in r and thus both equal 
even before integrating over S . □ 

We can deduce from this result the adiabatic limit behavior of the usual 
quantities C,{8 t ,Q) and of det(<5 t ) := e^'^ ). Let Tr c |D| denote the regu- 
larized value £(£),—!). 



D*D + t -HV§ g D* 
it\7 3g D DD* + r 2 



drde.(3l) 
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Corollary 23. The functions t((St,0) and t log det (St) extend smoothly to 
t = 0. Moreover, 

limiCOM) = - / Tr w \D\d9 (32) 
t->o J s i 

limtlogdet(«y t ) = / (-Tr c |D| + (21og2 - 2)Tr lu |£>|) <20. (33) 
t->-o 7 s i 

Proof: In terms of £, formula H3()|l reads 

i™tr(~)a6 uS ) = K- 1 / 2 r(^\ j s C(D,s-i)de. (34) 



Recall that 



r(0) = - 7 , =2^/ 2 ( 7 + 21og2-2), 

where 7 is the Euler constant, and -T(O) is the finite part of -T(s) at s = 0. 
Thus 

lim*0- 7 J (C(5 t ,0) + S (C)'(5 t ,0)) 

= -= f-27r 1 / 2 + 7 r 1 / 2 ( 7 + 2 log 2 -2)5) 

Q y Tr w (D*D) 1 /' 2 d6 + J ((D,-l)d0) (mods). 

Identifying the coefficients of s _1 and s° we obtain Ij32(l and (|33|l . □ 
An interesting formula appears in odd dimensions: 

Corollary 24. Assume that N is odd- dimensional. Then 



lim det( St) 



t _ „-/ s i Tr c (|L»|) 



Proof: In this case £(<5 t ,0) must vanish and by (|32|l this implies that 
J gl Tr w {D*D)?d6 = 0. The result follows from Corollary^ 



8 The adiabatic limit: the non-invertible case 

Consider an elliptic family D as in Section [T] without the invertibility hy- 
pothesis. Then St is also non-invertible in general. One could define the 
complex powers of S\ as being on the null-space of St ■ This works fine for 
a fixed value of t. However, the function (0, 00) x C 9 (A, s) 1— > A s does not 
converge to as A tends to 0, and this means that the family (<5 2 ) s defined 
in this way is discontinuous at values of t where an eigenvalue crosses 0. 
This turns out to be a major difficulty when trying to extend the analysis 
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from the previous section to the family St- The extended adiabatic algebra 
proves to be the right tool to overcome this problem. 

Let U + , U~ be trivial finite-dimensional complex vector bundles over 
S , such that there exists an invertible family of operators Djj extending D 
by the formula (JSJ. As in Section|5j we extend Va fl trivially on C°°(5' 1 , U^). 
Let ^ be a Schwartz function on M such that </>(0) = 1. Then 



Q 



D £>i 2 ^(t) 

£>21<Kt) £>220(t) 



belongs to ^(N; E+®U + ,E 
exists fl t € &ae°°( N ) such that = 



i. By abuse of notation we write D instead of 
Let E :=E+ © E~,U := U+ © [7~ and 



[/-)/^ a V(iV;£ + ©if+ e 

D X2 ^(t) 

L> 




(35) 

©ZJ-). There 
is constant in 



Theng(i?t + £>) = Q. 



4 



€^°(N,E t U). 



D + R t tiV de 
If we replace Z? by Q, the identities (|19|l . (|20() become 



q(dt) = 



q(4) 



-tQ* 

Q T 

Q*Q 4 



r 2 + rfc> T (Q*)V a8 (Q) 
i*V 8g Q QQ* 



r 2 + itd T {Q)\? da {Q*) 



(36) 

(37) 
[38) 



Q*Q 







In particular, the boundary symbol J\f(d 2 ) — 

U QfCj/ 4~ t 

invertible inside Ag(N,E, U) since Q(0) is invertible. Proposition El shows 
that dt is invertible for small enough t. Formulas lj23|) . (|28(l from Section [3 
have analogs with 5 t replaced with dt and D with Q. Such results are, of 
course, uninteresting, since dt and Q depend on the choice of and of 
the Schwartz function <fr, and moreover I(s), J(s) cannot be simplified any 
further. However, there is one instance when these results can be linked to 
S t and D, namely when we restrict our attention to the constant coefficient 
in s at s — 0. The reason is that the values at s = of the eta and zeta 
functions of the operators St and dt are closely related. 

Lemma 25. Let d be a symmetric elliptic operator of positive order in the 
algebra ^ ex (X;M) defined in Remark\n\ Let i— * R p € W^°{X\M) be a 
1-parameter family of symmetric smoothing operators. Then fj(d + R^) is 
independent of fi modulo 2Z. 

Proof: We first show that rj(d + i? M ) is constant in /i as long as d + R^ 
remains invertible. Write d^ := d + R^. Then 



c^Tr 



Tr 



s+l 
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-(dl)-^d,(R,)) 



+1 



= -sTr^y*d ll (R lx ) 

The last expression is the trace of an entire family of smoothing operators 
so it is entire in s, and it vanishes at s — because of the s factor. 

Let /lo be a point where is an eigenvalue of d^. Choose a S K with 
±a ^ Spec(ei Po ). Then for \i close to /io, ±a ^ Spec(d M ). Moreover, if P a {p) 
is the projection on the (finite-dimensional) span of eigenspaces of d M of 
eigenvalue between ±a, then the map \i i— > P a {n) € ^"^(X; M) is smooth 
in a neighborhood of Clearly, in this neighborhood r]{d^) — rjid^ + P a ) G 
2Z, and + P a (ii)) is constant in /n by what we proved above since 
tf M + -P Q (/i) is invertible. □ 

Lemma 26. Lei cit 6e the extended adiabatic operator defined in H36(l and 
5t the family of differential operators defined in (J2J). For all t > 0, 

rj(d t ) = v(St) + index(L>) (mod 21) 

c(d t ) = ast). 

Proof: For a fixed t > consider the operator 



(li 



s t o 

-itd e 
itde 



eV ex (X;M;E,U) 



acting on C°°(7V, £~) C°°(S\ U+) © C 00 ^ 1 , J7~). Note that 9t ,d t 
act on the same space but are written in basis which differ by a permutation. 
Moreover d t - q t S <P^°° (X; M) so by Lemma 1251 - fj(d t ) € 2Z. On 
the other hand, rj(qt, s) = rj(S tl s) + (dim f/~ — dim U + )rj{itde, s). The result 
follows by noting that rj(itdg, s) = 1 and dim U~ — dim J7 + = index(L>). 
Similarly, for the zeta function we see in the notation of Lemma ESI that 

<^Tr ) = -|Tr ((^J-f" 1 ^^)^ + ^(i^))) 

= - S Tr((4)-t- 1 d^( J R M )) 

equals s times an entire function, so it vanishes at s — 0. Secondly, there 
are no jumps in C(^) when eigenvalues of d^ cross (on finite parts of 
the spectrum, £ at s = is just the number of eigenvalues). Thirdly, the 
function £(itdg,s) vanishes at s = 0. Indeed, this is equivalent to the fact 
that for the Riemann zeta function, 

C(o) = 4 

□ 

We can now prove our main result for non-invertible families. The first 
formula was proved in 3 in the particular case when D is a family of 
compatible Dirac operators. In the second formula \D\ is defined only on 
the orthogonal complement of the null-space of D. 
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Theorem 27. Let D be a family of elliptic differential operators of order 1 
over S , and St the operator defined by Then e~xjp(—iifrj(6t)) and t£(5t) 
extend smoothly to t = 0. Moreover, 

lime- i7r ^ 5t) = (-l) indcx ( D W(det(L>)) (39) 

limiCOM) = - / Tr w \D\d6 (40) 
Js 1 

and 

lim (c(<M) + ^ TSr w |D|dffJ = 0. (41) 

Proof: Working in the extended adiabatic algebra, we will see as in Section 
0that the families of meromorphic functions rj(dt, s) and t£(dt, s) are smooth 
down to t = 0. Our strategy is to compute the asymptotics at t = of the 
regularized value at s = of these functions, and then to use Lemma l2*Hl to 
deduce the asymptotics of exp(— iinrj(5t)) and i£(#t,0). 

The eta invariant. From Proposition ll8l and the definition of the eta func- 
tion we write 

r](d t , S )^o ^^^J^ s Jr(q{d 2 t )-^ *q{d t ))dTdQ. (42) 

where the products and complex powers are in the sense of the product 
(|T7jl . Using , J2EJ) we S et for tlie coefficient of i^ 1 

Bm«7(*,-) = ^ ( sl ^H«^ 2 )-) 
+Tr (t(QQ* + r 2 )-^) drd6». 

Decomposing the trace over a basis of eigensections of Q*Q, QQ* we see 
that the above terms cancel each other (both can be made zero by choosing 
4> to be even in r). By analogy with (|23|) we write 



mnr)(d t ,s) 



Xr 

-i^deQ* 
7(s)+J(s). 



-tQ* 

Q T 



[1] 

Q*Q 



-T 

r 



QQ* 
drd6 



(43) 
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By integration by parts with respect to 9 we get (see (J2HJ) 

J ( fi ) = f Tr ((QQ* + r 2 )-^{V de Q)Q*) drdO. (44) 

However, Q depends on r since it involves the function 4>(j), so the analog 
of 1)29(1 and the explicit decomposition of I(s) in l)24[l. I(25|l fail. 

Let V = {V Ql , . . . , V^ fc } be the cover of 5* 1 from LemmaEl and {W Q .} a 
partition of S 1 in intervals such that W a C V a . . We split the integral over 
5 1 from the definition 143|) of /(s), respectively from the formula (|44|l for 
J(s), in the sum of the integrals over W aj : 

k k 
/(*) J( S )=]Tj Qj ( S ) 

i=i 3=1 

(it is worth mentioning that integration by parts in 9 was done before this 
splitting). Notice that over W a the operators Q(r), r and d T Q preserve 
the decomposition 

£®U = £ >aj © (£ <ai © I/) 

while dgQ does not necessarily do so. Nevertheless, the form 1)170 of the 
product shows that over W aj we can compute I a . , respectively J Qj . , by 
projecting Q onto and taking the trace on £> a ., resp. £< aj ffi f : 

I aj (s)=I>(,s)+I<(,8), J aj (s) = J> (s) + J< (s). (45) 

One virtue of this decomposition is that Q> aj , and so also (s) and 
Ja ( s )> do not depend on anymore. Thus as in Theorem |2"01 J>. (s) has 
two components (see i|2"4fl. which cancel each other (they are also exact 
forms in 9 but we cannot deduce that their integral vanishes individually), 
while for J>.(s), l|33)l implies the analog of (|2*9^l 

J^(s) = -[ A(D,s) >aj . 

3 

A second feature of (f43|l is that (s) + J< (s) involves only traces of 
finite-dimensional linear endomorphisms. More precisely, (s), X s ) are 
given by the first term in 123(1 . respectively by 1(281) . where the integral is 
computed over W aj xK, D is replaced by Q< Qj (here we note that Q <aj (6, r) 
is a classical symbol on W aj xR, invertible for r = 0), and hence the trace Tr 
becomes the endomorphism trace tr. Let us examine what happens when we 
modify the function 0, of course with the restriction that 4>(0) > 0. Lemma 
1251 shows that rj(dt) (hence also its limit as t — > 0) is unaffected. We have 
seen that J>. (s) and J>, (s) do not involve <j>. We deduce that 

L<(s) :=J2l<( S ) + J<(s) 

3=1 
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is also independent of at s = 0, as long as is a Schwartz function. 
However, i < (s) makes sense and is meromorphic in s for any <f> a classical 
symbol of order on R. Indeed, for such <fi all operators involved in l£. (s) + 
Ja- ( s ) are S ^i n families of classical symbols on R indexed by W aj , so Lemma 
El applies. 

Let us compute -/j < (s) with <f> replaced by 1. Then the corresponding 
Q a . are r-free. The same argument as above for (s) and J> (s) (which 
was explained in Theorem I20|) shows that 

£>) = 0, J<(*) = - f A(D,s) <aj . 

3 

We justify below this substitution (this completes the proof of JSHJ)- 

Both l£. (s) and j£. (s) are continuous with respect to variations of the 
Schwartz function <fi. We define a deformation for < fi < 1 by 4>^{t) := 
0(r/i). Note that <\>\ = <fi and <fi^ — > 1 pointwise as /i — > 0. Moreover, 
|^m( t )I — 1 while \d T (j)fj,(T)\ < C(l + | -r | ) 1 , uniformly in [i. We aim to find 
uniform L 1 upper bounds for the integrands in l£. (s)(/i) and J^. (s)(/x). 
First, we note 

IIQ<«J <C 

||*(Q<aj)|| <C 

ll^(Q <Qj )|| < C(l + l-rl)- 1 

ll(Q< Q3 Q< Qj +T 2 ni < (V(t) + t 2 )- k « 

where the last inequality holds for 5R(s) > with some compactly supported 
non-negative function ip with ip(0) > 0, independent of \x. We will use the 
inequality 

|tr(A)| < Z|L4|| 

for an endomorphism A of an /-dimensional vector space. The integrand in 
J<. (s)(/x) was defined using 144|) . Using the above bounds we get 

|tr((Q <Q3 Q* <Qj +T 2 )-^(v 9e Q <Qj )Q* <Qj ) | < ^(VXr) +r 2 )~^ 

from which we retain that the integrand in J£. (s) (/i) is bounded (uniformly 
in yu) by an L 1 function of r for all s with -Ji(s) > —2, in particular for s = 0. 

The integrand in (s)(/x) admits a similar bound. We show this for the 
term coming from the upper left corner, the other one being entirely similar. 
Using (|38|) we first isolate the term coming from itd T (Q< aj ) Ve e (Q< a . ) ■ This 
term is bounded uniformly in t for $R(s) > —3 by 

C i ( S )^(T)+r 2 )-^(l + |r|)- 1 r, 
which is L 1 for 5R(s) > —2 as before. Finally, the remaining term coming 
from {[Q< aj Q* <aj + r2 ) _ ^ i ) r > though inexplicit, is bounded for 5i(s) > 
-5 by 

C,( S )Wr)+r 2 )-^r 2 . 
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In conclusion, for 3?(s) > —2 by Lebesgue dominated convergence 
L<0OM -V+o L<(«)(0) = f J2 I A (D,s) <aj . 

But L < (0)(^) is constant in ix, and this ends the proof of (|3tJ|> . 

The regularized value C(0). The zeta function of d t is treated as in Theorem 
123 We get as before formula 1)31(1 with D replaced by Q: 

t((d t ,s) = ffi-((^)-§) 

~ t ^o ±- [ Tr(q(d 2 t )-^)dTd9. 

The leading term in this expression is 

tt- 1 { Tr(Q*Q + T 2 )- s/2 dTd9. 
Jt-s 1 

It is clear that the off-diagonal terms in q(d 2 ) contribute to the trace only 
modulo t 2 . It follows that the sub-leading term (the coefficient of t in 
t£(dt,s)) comes only from the two diagonal terms in q(d 2 ). If we choose 
4> to be even in r then these terms are odd in t, and thus their integral with 
respect to r vanishes. This proves l|41l) modulo J3DJ. 

Let us identify Tr ((Q*Q + r 2 ) - t). As for the eta function, we split the 
trace according to large or small eigenvalues of Q*Q. The large eigenvalues 
part does not depend on <f> since Q> Qj = D >aj ; we compute easily 

/ Tr(Q! * >aj Q> aj +T 2 )- s / 2 dTd9 = f( S -) f Tr(D* D >a .)-^de. 

3 3 

At s = we get — J w Tr w \D >otj \dd since s/(s/2)| s=0 — ~ir. Remark that 

a 3 

Tr„,|Z3 >Qj | = Tr„,|D| since Tr^, vanishes on finite rank operators. We claim 
next that the meromorphic function with simple poles 

K{s) := [ Tr(Q* <aj Q <aj +T 2 )- s / 2 dT 

JR 

vanishes at s — 0, which implies that the contribution of small eigenvalues is 
null. Indeed, let A(t) :— Q* <a .Q< aj - Clearly the matrix A satisfies ||A(t)|| < 
C, ||j4'(t)|| < C(l + t 2 ) -1 since </>(r) is Schwartz. Integration by parts (for 
large 3?(s)) shows 

K(s)= [ T'Tr{A{T)+T 2 )- s/2 dT 

JR 

= s/2 f TY{T{2T + A\ T )){A{T)+T 2 )- s ' 2 - 1 dT 

JR 

= sK{s) + s f Tt((tA / {t)/2 - A(t)){A(t) +T 2 )- s ^ 2 - 1 dT. 

JR 
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By unique continuation the identity holds for all s £ C. For 5R(s) > —1 the 
last integral converges absolutely, so because of the s factor we deduce that 
(1 — s)K(s) is regular and vanishes at s = 0, which is to say that K (0) = 0. 

Thus at s = we deduce (|40|) . (|41|l for dt in lieu of St. But by Lemma 
Hiwe know that COM) = C(dt,0)- □ 

The crucial point in the above proof is reducing the analysis to a finite 
number of eigenvalues and the corresponding eigenspaces. Indeed, the use of 
the function <fi = 1 in 135(1 instead of a Schwartz function leads to an operator 
in the extended adiabatic algebra if and only if the fibration X — > M is the 
identity fibration M — > M. 

Note that the sign in formula l|39|) disappears if we change the definition 
of St to be consistent with the choice of the bounding spin structure on S . 

Also, when the dimension of N is even, the eta invariant is a (mod 2Z) 
homotopy invariant of elliptic operators and moreover index(D) = because 
the fibers are odd-dimensional. Thus for every t > we get: 

e ^lJ(S t ) = ho 1( det (£,)) 

This identity can also be deduced from the results of |3] ■ 

We have deliberately avoided mentioning the regularity of the eta func- 
tion at s = since it plays no role in the proof. In light of this regularity 
however, the first part of the theorem generalizes the Witten-Bismut-Freed 
holonomy theorem to any family of elliptic first-order differential operators. 



9 Closing remarks 

The adiabatic algebra is a powerful tool for studying degenerate families 
of operators such as S t . Compared to previous results in this direction, one 
needs to make only minimal assumptions about the family D, while obtain- 
ing significant regularity in the adiabatic limit for free from the adiabatic 
formalism. The smoothness of the eta and zeta functions in the adiabatic 
limit is by no means obvious; it can actually fail if D is non-invertible even 
if St is invertible for all t. For example, consider the operator on S 1 




—tide — ta 

tide + ta 



For general a and s, the expansion of r)(St,s) and s) at t = will 
contain logt terms. The reason is that St is not invertible as an adiabatic 
operator. 

One can consider other elliptic adiabatic operators constructed from the 
family D, for instance 

Pt := tVa e + D 

in the case where D is self-adjoint. If the fibers of N — > S 1 are spin, N is 
even-dimensional and D is the family of Dirac operators on the fibers then 
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Pt is the chiral Dirac operator for the metric © on N. We can apply the 
previous analysis to ((Pt, 0). Formula (|40[l and Theorems [221 123 hold for P t 
if we divide the right-hand side by 2. 

In the particular case where N = S 1 is the identity fibration and D = 1 , 
Theorem |221 says that the function tJ2'^ = _ Qo (t 2 k 2 + l)~ s / 2 , which is well- 
defined for (s, t) £ {3fJ(s) > 1} x (0, oo), extends as a meromorphic function 
in sgC and smooth in t S [0, oo). Moreover, for all s G C, 

lim i Y (t 2 k 2 + l)- s ' 2 = TrVaiAai.. 

This limit of meromorphic functions can be checked directly for 5R(s) > 1, 
but seems hard to prove for general s by elementary methods. 

It is evident that index(P t ) = ({P t ,0) - C(-Pt*,0). The left-hand side is 
constant in i, in particular 

index(P t ) = lim(C(Pt, 0) - ((P t *, 0)). 

Using the adiabatic algebra methods developed in this paper, we obtain 
C(P*,0) ~ t ^o -~ ^ TUP 2 )^ + 1 Tr„ ((P 2 )^ Va 9 (P)) d», 
C(P t *, 0) ~ t ^o ^ Tr,„(P 2 )^ - ±J Tr w ((D 2 )-Wa 8 (fl)) d# 

which imply 

index(P t ) = \J Tr w ((P 2 )^ V % (P)) dd. (46) 

Formally, the right-hand side of ij4T)|) is | f sl Tv w (Vg e (\og\D\))d9, and it 
is easily proved to equal the net flow of eigenvalues through around the 
circle. We are therefore led to a purely analytical proof of the identity 

inde X (P t ) = sf S i(P) (47) 

where sf denotes the spectral flow £Q. 

In the spirit of [S] we can interpret the right-hand side of 146|) as the 
integral on S 1 of a closed 1-form defined on S 1 (or more generally on the 
basis M of the family P) by 

varM :=Tr w ((P 2 )-2V(P)) . 

In [^j Melrose defined the analogous quantity in the more general setting 
of 1-suspended operators, and proved subsequently the extension of l|47|l to 
that setting. Our methods can be used to reprove Melrose's result for an 
elliptic adiabatic family in ^ Q (7V). 
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